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Abstract
We propose an explicit expression for vacuum expectation values of the
boundary eld eia’B in the boundary sine-Gordon model with zero bulk
mass. This expression agrees with known exact results for the boundary
free energy and with perturbative calculations.
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In this paper we study the so called boundary sine-Gordon model with zero bulk mass.

























Here x; y are coordinates on the Euclidean half-plane y  0 and ’(x; y) is a scalar eld.
Interaction is present only at the boundary y = 0 and it is controlled by two parameters
 and B . This model can be understood as a conformal eld theory - a free Bose eld
with free boundary condition at y = 0 - perturbed by a boundary operator 2 cos(’B)(x)
of the dimension  = 2. Here we use the notation
’B(x)  ’(x; 0) :
Correspondingly, we assume that this boundary operator is normalized according to the
following simple asymptotic form of its two-point correlation function
h 2 cos(’B)(x) 2 cos(’B)(x
0) i ! 2 jx− x0j−2
2
as jx− x0j ! 0 : (2)
Under this normalization the parameter B has the dimension [mass ]
1−2.
This model attracted much interest recently in connection with the impurity problem
in the 1D Luttinger model [1], [2]. Quantum Brownian motion of a one-dimensional particle
in a periodic potential is another interesting application of this model [3], [4], [5], [6].
The QFT (1) is integrable [7], [8] and many exact results, in particular concerning static
transport properties, have been obtained or conjectured recently [9], [10], [11]. In this
paper we propose another exact result for the model (1), the expectation value of the
exponential boundary eld




















2 sinh(2t) sinh(t) sinh
(
(1− 2)t




 + e−t ;
(3)
with an arbitrary a such that j<e 2aj < −1. In writing (3) we have assumed that the
boundary eld eia’B (x) is normalized in accordance with the short distance limiting form
of the two-point function
h eia’B (x) e−ia’B (x0) i ! jx− x0j−2a
2
as jx− x0j ! 0 ; (4)
1
so that the eld eia’B (x) has the dimension [mass ]a
2
. The result (3) is expected to hold
in the domain
2 < 1 ; (5)
where the discrete symmetry ’ ! ’+ 2n−1 (n = 0;1;2:::) of (1) is spontaneously
broken (equivalently, the ground state of the associated quantum Brownian particle is
localized) and by h:::i in (3) we mean the expectation value over one of the ground states,
in which the eld ’B(x) is localized near 0.




























. The exact expectation value of the \bulk" operator eia for the model
(6) (again, in the domain (5)), very similar to (3), has been proposed recently in [12]. We
























The expression for h eia iSG in [12] admits (for xed a) a power series expansion in 2 with
nite radius of convergence. Therefore it is natural to assume that the vacuum expectation
values of exponential elds in the sinh-Gordon model can be obtained from the expression
in [12] simply by the above continuation  ! ib. This way one obtains


























2 sinh(b2t) sinh(t) cosh
(
(1 + b2)t




















  12+2b2 (9)
is the particle mass of the sinh-Gordon model.
2
Unlike the sine-Gordon model (6) it is not very natural to think of (7) as perturbed
free boson conformal eld theory. Instead, the model (7) is better understood in terms of





















perturbed by the operator e−b. As is shown in [14] the operators ea in the Liouville
theory (10) satisfy the \reflection relation"
ea(x; y) = R(a) e(Q−a)(x; y) ; (11)






















(see [14] for details). Here and below
Q = b−1 + b : (13)
It is not dicult to check that the one-point correlation function (8) in the sinh-Gordon
model (7) satises remarkable relation
h ea iShG = R(a) h e
(Q−a) iShG (14)
with the same function R(a) as in (12). Although at the moment we do not have completely
satisfactory explanation for this phenomenon 1, (14) seems to be a manifestation of an
important hidden structure in the sinh-Gordon theory 2 and in fact in more general Ane
Toda eld theories 3. Let us note that the relation (14) together with an obvious symmetry
h ea iShG = h e
−a iShG (15)
1 Although the relation (14) formally holds in the conformal perturbation theory for (7) un-
derstood as the Liouville theory perturbed by e−b, this conformal perturbation theory by itself
does not give a valid denition of the one-point function (8).
2 For instance, form-factors of the eld ea in the sinh-Gordon model proposed in [15]
suggest that matrix elements h 0 j ea j 1; :::; N i (where j 1; :::; N i are multiparticle states)
satisfy the relation (14). Then it formally follows that multipoint correlation functions, say
h ea(x; y) ea
0(0; 0) iShG, satisfy the relations similar to (14), although this point needs further
investigation.
3 The relations similar to (14) are valid for expectation values of exponential elds in the Ane
Toda theories and they can be used to determine these expectation values [16].
3
determines the expectation value h ea iShG up to a periodic function so that (8) is a
\minimal solution" to the functional equations (14) and (15).
Let us come back to the boundary theory (1). Consider the boundary sinh-Gordon
model (BShG) which is obtained from (1) by substitution  = ib; B ! −B , just the





















dx eb’B(x) : (16)
perturbed by the operator e−b’B . As in the \bulk" Liouville theory, the boundary opera-
tors in the conformal eld theory (16) satisfy the \reflection relation"
ea’B (x) = RB(a) e
(Q−a)’B (x) (17)














− 2iPb  b
2
2iPQ
G(−2iP )G2(Q=2 + iP )
G( 2iP )G2(Q=2− iP )
: (18)


























in the domain <e z > 0 and it can be analytically continued into the whole complex plane
of z by using the functional relations



































which (19) satises. It is easy to show that G(z) thus dened is an entire function of z
with zeroes at z = −nb −mb−1 (n;m = 0; 1; 2; :::). The derivation of (17), (18) will be
published elsewhere. Now, let us assume that the vacuum expectation value h ea’B iBShG
in the boundary sinh-Gordon model satises a \reflection relation" similar to (14), i.e.
h ea’B iBShG = RB(a) h e
(Q−a)’B iBShG : (21)
4
It is not dicult to obtain the \minimal" solution to this functional equation which takes
into account the symmetry relation analogous to (15). Then this solution can be continued
back to pure imaginary b = −i which correspond to the boundary sine-Gordon model
(1). This is the way we arrived at (3).
In what follows we give some evidence in support of (3). First, the expectation value
of the boundary eld ei’B in the model (1) can be extracted from its specic free energy
fB = − lim
L!1





where L is the size of the system (1) in x direction, namely






The quantity fB for the boundary sine-Gordon model is known exactly [9], [11] and (23)
gives




















It is easy to check that (3) agrees with (24).
Expanding the expectation value h eia’B i into a power series in a2 one can obtain the




. These in turn admit expansions in
power series in 2. In this way one obtains from (3)
2  h’
2













B i − 3 h’
2
B i



















B i+ 30 h’
2
B i










where γ = 0:577216::: is Euler’s constant, (s) is the Riemann zeta function and we have
introduced an auxiliary mass parameter m related to fB as





On the other hand the coecients in these expansions can be calculated independently,
5




































































Evaluating the integrals in (26) one nds perfect agreement with (25).
Finally, the following remark is in order. In the limit 2 ! 0 the expectation value
h e
!
 ’B i in the boundary sine-Gordon theory (1) can be described in terms of a particular





(; ) = 0 for  > 0 ; @(; )

=0
= sin (; 0) ; (28)
where (m0x;m0y) = ’(x; y) and m0 = 4
2B . Let (; ) be a function which solves
the equations (28) for   0; 2 + 2 > 0 and satises the following asymptotic conditions
(; )! 0 as 2 + 2 !1 ;




+ C(!) as 2 + 2 ! 0 :
(29)
Here C(!) is certain constant which in fact is completely determined by the condition that
such solution exists. It is easy to show that the boundary value B() = (; 0) of this
function satises the integral equation












where E() is the same function as in (27). Therefore














which corresponds to the normalization (4) is
similar to that in the bulk sine-Gordon theory [12]. For instance ’2B(x) = lim"!0

’B(x)’B(x+




Now, the expectation value h e
!
 ’B i with xed ! and 2 ! 0 is expressed through the
action (1) calculated on the above classical solution (; ) which in turn can be related
to the constant C(!)
h e
!













Our conjecture (3) allows us to make the following prediction about the constant C(!)











It would be interesting to check this prediction by solving the equation (30) directly.
Acknowledgments
S.L. is grateful to the Institute for Theoretical Physics at Santa Barbara for their
kind hospitality which he enjoyed during the nal stage of this work. He also acknowledges
stimulating discussions with A. LeClair. The work of S.L. is supported in part by NSF
under grant No. PHY94-07194. Research of A.Z. is supported in part by DOE grant
#DE-FG05-90ER40559.
References
[1] Kane, C.L. and Fisher, M.P.A.: Transmission through barriers and resonant tunneling
in an interacting one-dimensional electron gas. Phys. Rev. B46, 15233-15262 (1992)
[2] Moon, K., Yi, H., Kane, C.L., Girvin, S.M. and Fisher, M.P.A.: Resonant tunneling
between quantum Hall edge states. Phys. Rev. Lett. 27, 4381-4384 (1993)
[3] Caldeira, A.O. and Legget, A.J.: Influence of dissipation on quantum tunneling in
macroscopic systems. Phys. Rev. Lett. 46, 211-214 (1981);
Caldeira, A.O. and Legget, A.J.: Path integral approach to quantum Brownian motion.
Physica A121, 587-616 (1983)
[4] Schmid, A.: Diusion and localization in a dissipative quantum system. Phys. Rev.
Lett. 51, 1506-1509 (1983)
[5] Fisher, M.P.A. and Zwerger, W.: Quantum Brownian motion in a periodic potential.
Phys. Rev. B32, 6190-6206 (1985)
[6] Callan, C.G. and Thorlacius, L.: Open string theory as dissipative quantum mechanics.
Nucl. Phys. B329, 117-138 (1990)
[7] Ghosal, S. and Zamolodchikov, A.B.: Boundary S-matrix and boundary state in two-
dimensional integrable quantum eld theory. Int. J. Mod. Phys. A9, 3841-3885 (1994)
7
[8] Fendley, P., Saleur, H. and Warner, N.P.: Exact solution of a massless scalar eld with
a relevant boundary interaction. Nucl. Phys. B430, 577-596 (1994)
[9] Fendley, P., Ludwig, A.W.W. and Saleur, H.: Exact non-equilibrium transport through
point contacts in quantum wires and fractional quantum Hall devices. Phys. Rev. B52,
8934-8950 (1995)
[10] Fendley, P., Lesage, F. and Saleur H.: A unied framework for the Kondo problem
and for an impurity in a Luttinger liquid. J. Stat. Phys. 85, 211-249 (1996)
[11] Bazhanov, V.V., Lukyanov, S.L. and Zamolodchikov, A.B.: Integrable structure of
conformal eld theory. 2. Q-operator and DDV equation. Preprint CLNS 96/1405,
LPTENS 96-18, #hepth 9604044
[12] Lukyanov, S. and Zamolodchikov, A.: Exact expectation values of local elds in quan-
tum sine-Gordon model. Preprint CLNS 96/1444, RU-96-107, #hepth 9611238
[13] Zamolodchikov, Al.B.: Mass scale in the Sine-Gordon model and its reductions. Int.
J. Mod. Phys. A10, 1125-1150 (1995)
[14] Zamolodchikov, A.B. and Zamolodchikov, Al.B.: Structure Constants and Conformal
Bootstrap in Liouville Field Theory. Nucl. Phys. B477, 577-605 (1996)
[15] Koubek, A. and Mussardo, G.: On the operator content of the sinh-Gordon model.
Phys. Lett. B311, 193-201 (1993)
[16] Fateev, V.A.: to be published
8
